Abstract. We expand the theory of pebbling to graphs with weighted edges. In a weighted pebbling game, one player distributes a set amount of weight on the edges of a graph and his opponent chooses a target vertex and places a configuration of pebbles on the vertices. Player one wins if, through a series of pebbling moves, he can move at least one pebble to the target. A pebbling move of p pebbles across an edge with weight w leaves pw pebbles on the next vertex. We find the weighted pebbling numbers of stars, graphs with at least 2|V | − 1 edges, and trees with given targets. We give an explicit formula for the minimum total weight required on the edges of a length-2 path, solvable with p pebbles and exhibit a graph which requires an edge with weight 1/3 in order to achieve its weighted pebbling number.
Introduction
Graph pebbling originated two decades ago as a technique to prove a result on zero-sum sequences in finite groups [3] . Since then the subject has come into its own as an active area of research in graph theory, with over 50 papers by 80 authors [10, 9] . Problems in the field, guiding current research, include Graham's Conjecture on pebbling numbers of graph products [6, 7, 8, 11] , and pebbling numbers of graphs with small diameter [1, 2, 4] .
One interpretation of the pebbling number arises from the pebbling game we play against an evil opponent. In this game, the evil opponent distributes some number of pebbles on the vertices of a graph G and chooses a target vertex. Then we make pebbling moves on G. A pebbling move across an edge decreases the number of pebbles by a factor of 1/2, rounded down (see Figure 1 ). If we can reach the target with one or more pebbles, we win the game. The pebbling number of G is the smallest number of pebbles that we can give the evil opponent and always win.
We can imagine a pebbling move across an edge uv as multiplying the number of pebbles being moved from u to v by 1/2. In this way, 1/2 can be thought of as the weight or cost on edge uv. We generalize this idea to weighted graphs so that a pebbling move from u to v multiplies the number of pebbles being moved by the weight on edge uv, rounded down. As before, we can reinterpret these definitions game-theoretically. Namely, we introduce the weighted pebbling game by adding a rule to the pebbling game: at the beginning of the game, we start with weights of 1/2 on all the edges of G, and we are allowed to redistribute the weights on the edges of G before handing the evil opponent the pebbles. The weighted pebbling number of G is the minimum pebbling number over all possible distributions of this weight on G.
We begin Section 2 by defining ordinary pebbling numbers and stating a result by Chung. In Section 3, we define the weighted pebbling number and establish results for graphs with large numbers of edges. We also give a formula for the pebbling number of weighted trees with determined targets and for the weighted pebbling number of stars. Our main result appears in Section 4 in which we explore the minimum total weight required on a path to successfully pebble across it. We prove the formula for this pebbling weight function for the path of length 2. In Section 5, we find a graph that achieves its weighted pebbling number only when an edge with weight 1/3 is used. We end with further questions and a lower bound on the pebbling weight function for a path of length n.
Pebbling Numbers
Following Hurlbert [9] , a configuration C of pebbles on a finite connected graph G = (V, E) is a function C : V → N. The value C(v) can be thought of as a number of pebbles placed at vertex v, and the size of the configuration is the sum v∈V C(v) of pebbles on G. A pebbling step along an edge from u to v takes 2 pebbles from u and adds 1 pebble to v. We say that a vertex t can be reached by C if one can repeatedly apply pebbling steps so that, in the resulting configuration C , we have C (t) ≥ 1 (and C (v) ≥ 0 for all v). The pebbling number p(G) is the smallest integer m so that any specified target vertex t of G can be reached by every configuration C of size m. A configuration that can reach every vertex is called solvable, and unsolvable otherwise. Figure 1 shows an example of a solvable pebbling configuration and its solution to an example (circled) target. The pebbling number of a path with n edges is 2 n [10] , and the pebbling number of a tree is given in the following theorem by Chung [3] . A path partition of a tree T is a partition of the edges of T into paths. A maximum path partition is a path partition P = {p 1 , p 2 , ..., p m } of T such that p 1 is a maximal path in T , p 2 is a maximal path in T − E(p 1 ), and so on. An example of a maximum path partition is given in Figure 2 .
Theorem 1 (Chung, 1989). Let T be a tree, and let P = {p 1 , p 2 , ..., p m } be any maximum path partition of T , where each path p i has i edges. Then
For example, the pebbling number of the graph in Figure 2 is (2 3 + 2 2 + 2 1 + 2 1 ) − 4 + 1 = 13. A maximum path partition of a tree.
Weighted Pebbling Numbers
If G is a weighted graph with a weight of 1/2 on each edge, then we can think of the pebbling step from u to v as multiplying the number of pebbles being moved by the weight on the edge uv, rounding down. We generalize this idea to say that if uv has some other edge weight w between 0 and 1, the pebbling step along uv removes k pebbles from u and places wk pebbles on v, for some positive integer k.
Formally, given a graph G, a weight distribution W on G is an assignment of weights to the edges of G. For each edge e, we denote its weight by w e , and we denote the corresponding weighted graph by G W . We require 0 ≤ w e ≤ 1 for all edge weights w e . The total weight |W | of W is e∈E(G) w e .
A weighted graph G W is p-solvable if every configuration of p pebbles on G is solvable to every target vertex. The weighted pebbling number of a weighted graph wp(G W ) is the smallest positive integer p for which G W is p-solvable. Figure 3 shows that different choices of weight distributions on the same graph yield different pebbling numbers. An unweighted graph G is (W, p)-solvable if G W is p-solvable, and G is (w, p)-solvable for some positive real number w if there exists a weight distribution W on G with |W | = w such that G is (W, p)-solvable. The weighted pebbling number, wp(G), of an unweighted graph G is the smallest positive integer p for which G is (|E(G)|/2, p)-solvable. Equivalently, wp(G) = min |W |=E(G)/2 wp(G W ). In other words, the weighted pebbling number of G is the smallest number p of pebbles such that there exists a weight distribution on G of weight |E(G)|/2 for which all configurations of p pebbles on G are solvable. Since placing weights of 1/2 on all the edges yields the standard pebbling number, wp(G) ≤ p(G) for all graphs G. On the other hand, the pebbling number and weighted pebbling number of G can be arbitrarily far apart. For example, p(K n ) = n [10] , but wp(K n ) = 1 for all n ≥ 4. Figure 4 shows a weight distribution on K 4 which is 1-solvable. More generally, the following proposition shows that wp(G) = 1 for all graphs with n vertices and at least 2n − 2 edges. Proof. Suppose G has at least 2n − 2 edges. Let T be a spanning tree of G, and assign each edge of T a weight of 1. Then assign any remaining weight arbitrarily to the other edges of G, keeping the constraint 0 ≤ w e ≤ 1. This weight distribution has pebbling number 1, since any single pebble can move from any vertex of G to any other vertex along a path through T with no loss of pebbles. Finally, no configuration of 0 pebbles is solvable, so wp(G) = 1.
Conversely, suppose wp(G) = 1. Then there exists a weight distribution on G for which every configuration of 1 pebble is solvable to every target. Then for this weight distribution, there exists a path between every pair of vertices of G consisting of edges with weight 1. This requires at least n − 1 edges of weight 1, so this weight distribution has total weight at least n − 1. Thus, G has at least 2n − 2 edges.
Note that if G W is a weighted graph, then wp(G W ) = wp(G W ), where G W is the graph obtained from G W by deleting every edge of G W with weight 0 and contracting every edge of G W with weight 1. Proof. Let T be a spanning tree of G, and let W be a weight distribution on G with weight 1 on n − 1 − k arbitrarily chosen edges of T , weight 1/2 on the remaining k edges of T , and weight 0 on the remaining edges of G. Then |W | = n−1−k+k/2 = (2n−2−k)/2 = |E(G)|/2. Let G be the graph obtained from G W by deleting the edges with weight 0 and contracting the edges with weight 1. Since the remaining edges of
Since G is a tree, its pebbling number is given by Theorem 1 above. This formula is bounded above by the pebbling number of a path with the same number of edges, so wp(
Proposition 8 will demonstrate that the bound in Proposition 3 is not sharp. Proposition 2 tells the complete story for weighted pebbling numbers of connected graphs with a large number of edges, so we turn our attention for the remainder of the paper to weighted pebbling numbers of connected graphs with a small number of edges, in particular paths and trees.
The requirement of an edge e = uv is the smallest number of pebbles needed on u to move at least one pebble across uv to v. If e has edge weight w e , then e has requirement r e = 1/w e . The requirement r(P ) of a directed path P with edges e 1 = v 1 v 2 through e k = v k v k+1 is the smallest number of pebbles needed on v 1 to move at least one pebble along P to v k+1 . If edge e i has weight w e i , then the requirement of P is 1/w e 1 1/w e 2 · · · 1/w e k · · · . Note that this number depends on the direction that P is traversed. For example, if e 1 = v 1 v 2 and e 2 = v 2 v 3 have weights w e 1 = 2/5 and
Let T be a weighted tree with designated target t. A maximum path partition of T is a path partition P = {p 1 , p 2 , ..., p m } of T such that p 1 is a directed path in T ending at t with maximal requirement, p 2 is a directed path in T − E(p 1 ) ending at a vertex of p 1 with maximal requirement, p 3 is a directed path in T − E(p 1 ∪ p 2 ) ending in p 1 ∪ p 2 with maximal requirement, and so on.
Curtis, et. al. generalized Theorem 1 for weighted graphs with integer edge weights corresponding to our edge requirements. This is equivalent to restricting our edge weights to be of the form 1/n, for n an integer. We now extend their result to all rational edge weights. Let wp(G, t) be the weighted pebbling number of a graph G with a specified target t, and note that wp(G) = max t [wp(G, t)]. The following is a modification of Theorem 6 [5] .
Theorem 5. Suppose T W is a weighted tree with designated target t. Let P = {p 1 , . . . , p m } be a maximum path partition of T with respect to W and t. Then the weighted pebbling number given target t is
Proof. Begin by replacing the edge weights on T W with the edge requirements. In this context, Curtis, et. al [5] . We obtain the reverse inequality by noting that the configuration which places r(p i ) − 1 pebbles on the initial vertex of directed path p i , for all 1 ≤ i ≤ m, is not solvable to the target t.
Proof. Since a maximum path partition of G is just
This product is minimized if the weights w e are all equal, in which case we have wp(G)
As with paths, the weighted pebbling number of stars coincides with the pebbling number.
Remark 7. In the upcoming Propositions 8 and 13 and in Theorem 14, we use the results of a computer search. Consider a path P = x 1 x 2 . . . x k with p pebbles on x 1 . To find the minimum weight required to move at least one pebble from x 1 to x k , the program searches through all k-tuples
for all i, and returns the minimum sum, over all such k-tuples, of the minimum weight p i+1 /p i required on each edge.
To find the minimum weight required to move p pebbles from either x 1 to x k or from x k to x 1 , the program looks at pairs of tuples, (p = p 1 , . . . , p k = 1) and (1 = q 1 , . . . , q k = p) which denote the intermediate pebbles as p pebbles are moved from x 1 to x k and from x k to x 1 respectively. The program chooses the maximum weight of the two possible required edge weights (one for each direction) and returns the minimal sum of these edge weights, over all pairs of such k-tuples. This strategy is also used in the proof of Theorem 10.
Let S k be the star with k leaves.
Suppose by way of contradiction that wp(S k ) < k +2. So there exists a weight distribution W with total weight |E(G)|/2 on S k with weighted pebbling number less than k + 2. We construct a maximal path partition P = {p 1 , . . . , p j } from W . Note that every maximal path partition of S k has k − 1 paths, one with two edges and the rest with one edge. Since p 1 is the path with largest requirement in S k by definition, p 1 is the path consisting of the two edges in S k with smallest weight. By Theorem 5, if all the edge weights in W are 1/2, then wp(W ) = k + 2, with r(p 1 ) = 4 and r(p i ) = 2 for all 1 < i ≤ k − 1. Since wp(W ) < k + 2 by assumption, either the requirement of p 1 is less than 4, or the requirement of one of the other paths is less than 2.
By a computer search (see Remark 7), if r(p 1 ) < 4, then the combined weight on the edges of p 1 is greater than 1. Thus, the average weight of the edges of p 1 is greater than 1/2, contradicting our choice of p 
Minimum pebbling weights of paths of length two
In this section we explore the minimum total weight required on the edges of a path of length two in order to successfully pebble p pebbles across it. Given a graph G, we define the pebbling weight function w G on positive integers p by
The following lemma shows this infimum is always obtained, so we can replace the infimum in the definition with the minimum. In other words, given a graph G and a number of pebbles p, w G (p) is the minimum weight w such that there exists a weight distribution on G of total weight w for which G is p-solvable.
Lemma 9. For any G and p, there exists a weight distribution W on G with total weight w G (p). Moreover, such a W has each edge weight w e a rational number, and hence w G (p) is rational.
Proof. We introduce a partial order on weight distributions W such that G is (W, p)-solvable by setting W ≤ W if w e ≤ w e for all e ∈ E(G). Suppose G is (W, p)-solvable. We construct a weight distribution W on G by setting
for each e ∈ E(G). We claim that G is (W , p)-solvable. To see this, suppose a pebbling step across e starts with c pebbles and ends with d pebbles in G W . Then by definition cw e = d, so d = c( cw e /c) ≤ cw e , so the same pebbling step ends with at least d pebbles in G W . So any solution of G W is also a solution of G W . Finally, note that W has rational edge weights, each of which has a numerator and denominator bounded above by p. Let us temporarily call such a distribution minimal. Since an arbitrary weight distribution is bounded below (with respect to our partial order above) by a minimal distribution, we conclude
But the last set is finite (in fact, of order at most |E(G)| p 2 ) since there are only finitely many ways to place rational numbers with integral numerators and denominators bounded by p on the edges of G. Hence wp(G) is the minimum weight of these minimal distributions.
We note that the weight distribution for the minimum pebbling weight of a graph displays some surprising behavior. For example, the path P 2 with 2 edges is solvable in either direction with p = 6, and weights 1/3 and 1/2 on the two edges. However, P 2 is not solvable with 6 pebbles if this same total weight is distributed evenly, with a weight of 5/12 on each edge. This demonstrates the fact that the weighted pebbling number is not minimized, as one might expect, by distributing the weight equally between the two edges. In Theorem 10 we give an explicit formula for w P 2 (p). An explicit formula for w G (p) for any G with a larger number of edges is still unknown.
Theorem 10. Given a positive integer p, let n = √ p . Then the pebbling weight function for the path graph P 2 with two edges is given by
Proof. Say the vertices of P 2 are x, y, and z, with leaves x and z. It suffices to provide a weight distribution in the two worst-case pebbling configurations: C 1 with p pebbles on x and target z, and C 2 with p pebbles on z and target x. Now consider any weight distribution for which P 2 is solvable. Such a weight distribution determines two integers a and b, obtained from the solutions of C 1 and C 2 as follows. From C 1 , move all p pebbles across xy to obtain a pebbles on y, and then move the a pebbles across yz to obtain at least 1 pebble on z; from C 2 , move all p pebbles across yz to obtain b pebbles on y, and then move b pebbles across xy to obtain at least 1 pebble on x (see Figure 5 ). The strategy for the proof is to find, for a given a and b between 1 and p, the minimum total weight w a,b of such a weight distribution and then minimize w a,b over all such choices of a and b.
We begin by computing w a,b . For a fixed choice of a and b, to ensure that the rightward path in Figure 5 is achieved as cheaply as possible, we weight the first edge with a/p and the second with 1/a. For the leftward path, the minimizing weights are similarly b/p and 1/b. Combined, we find that the smallest total weight for a given a and b is
and hence w P 2 (p) is the minimum value this weight can take over all possible choices 0
.
Finally, we conclude
It remains to compute this minimum explicitly for a given value of p. We do this by computing the minimums of the two functions on the right, subject to their given constraints, and then taking the smaller of the two. Lemmas 11 and 12 below are precisely these calculations, and the result follows.
Lemma 11. Let f (a, b) = a + b, and for a positive integer p, let f p denote the minimum value of f (a, b)/p with integer inputs 1 ≤ a ≤ b ≤ p satisfying ab ≥ p. Let n = √ p . Then
Proof. We verify the formula for each of the three cases. Note that since n = √ p and p is an integer, n 2 ≤ p ≤ n 2 + 2n, so these three cases include all possible values of p.
In this case f achieves its minimum at a = b = n = √ p , which agrees with the absolute minimum of the continuous function f (a, b) = a + b.
Case 2. n 2 < p ≤ n 2 + n. Note that if a = n and b = n + 1 then f (a, b) = 2n + 1. These values of a and b satisfy ab ≥ p since ab = n(n + 1) = n 2 + n ≥ p by assumption. Now assume by way of contradiction that there exist integers c and d
Subcase 2c. c ≤ n and d ≥ n + 1. Write c = n − j and d = n + k with j ≥ 0 and k ≥ 1. Then since c + d ≤ 2n we have k − j ≤ 0. Therefore
which contradicts cd > p.
Case 3. n 2 + n < p ≤ n 2 + 2n. Note that if a = b = n + 1 then f (a, b) = 2n + 2. These values of a and b satisfy ab ≥ p since ab = n 2 + 2n + 1 > n 2 + 2n ≥ p by assumption. Now assume by way of contradiction that there exist integers c and d
Subcase 3a. c ≤ n and d ≤ n + 1. Then cd ≤ n(n + 1) = n 2 + n < p, contradicting
Subcase 3c. c ≤ n and d > n + 1. Write c = n + 1 − j and d = n + 1 + k with j, k ≥ 1. Since c + d < 2n + 2 we have k − j < 0. Therefore
which contradicts cd ≥ p.
Lemma 12. Let g(a, b) = 1/a + 1/b, and for a positive integer p, let g p denote the minimum value of g(a, b) with integer inputs
Proof. We verify the formula for each of the four cases. Note again that since n = √ p and p is an integer, n 2 ≤ p ≤ n 2 + 2n, so these four cases include all possible values of p.
]. Note that if a = b = n then g(a, b) = 2/n. These values of a and b satisfy ab ≤ p since ab = n 2 ≤ p. Now assume by way of contradiction that there exist integers c and d with 1 ≤ c ≤ d ≤ p, cd ≤ p, and g(c, d) < 2/n. Subcase 1a. c, d ≥ n. Since c and d are not both n, at least one of them must be at least n + 1, in which case
Subcase 1b. c, d ≤ n. Since c and d are not both n, g(c, d) ≥ 2/n. Subcase 1c. c < n and d > n. We write c = n − j and d = n + k with j, k > 0. By assumption,
Clearing denominators in the first inequality and then substituting in the second gives
Cancelling 2n
2 from the first and and last expressions gives
]. Assume by way of contradiction that there exist integers c and d
contradicting cd ≤ p. Subcase 2c. c ≤ n and d > n. Thus we can write c = n − j, d = n + k with j ≥ 0, k ≥ 1.
the last line resulting from cross-dividing the following inequality:
Case 3. p ∈ (n 2 + 2 n/2 , n 2 + n + n/2 ]. Note that if a = n and b = n + 1 then g(a, b) = 1/n + 1/(n + 1). These values of a and b satisfy ab ≤ p since ab = n(n + 1) ≤ n 2 + 2 
Subcase 3c. c < n and d > n + 1. We write c = n − j and d = n + k with j > 0, k > 1. Clearing the denominators of 1
and distributing the left-hand side now gives
Subtracting 2n 3 +2n 2 from both sides and dividing by n 2 +n gives k −j < 2, and so k ≤ j +1.
Case 4. p ∈ (n 2 + n + 
contradicting cd ≤ p. Subcase 4c. c ≤ n and d > n + 1. Write c = n − j and d = n + k, with j ≥ 0 and k > 1. Table 2 , at the end of the paper, gives a list of values for the pebbling weight function for paths of length between 2 and 7 and for varying values of p. The values were obtained through a computer search.
Graphs Requiring Specific Edge Weights
Recall that the weighted pebbling number of a graph G is the smallest weighted pebbling number of all weighted graphs G W with |W | = E(G)/2. Although this minimum is taken over all possible weight distributions on G, in previous examples the smallest number of pebbles was obtained with edge weights of 1/2, 1, or 0. We ask whether this is always the case. In other words, given a rational number a with 0 ≤ a ≤ 1, is there a graph which requires an edge weight a to achieve its weighted pebbling number? Note by Lemma 9, edge weights may always be taken to be rational. In Theorem 14, we prove that the tree T shown in Figure 6 requires an edge weight of 1/3. For all rational numbers in (0, 1) other than 1/2 and 1/3, this question remains open. We begin by establishing the weighted pebbling number of T . Since T is a tree, the weighted pebbling number of each weight distribution on T is given by Theorem 5. However, the formula in Theorem 5 depends on a maximum path partition of T , which in turn depends on its weight distribution.
Proposition 13. Let T be the tree in Figure 6 . Then wp(T ) = 15.
Proof. Figure 6 gives a weight distribution W on T for which wp(T W ) = 15 by Theorem 5, and thus wp(T ) ≤ 15. Now suppose by way of contradiction that there exists a weight distribution W on T for which wp(T W ) ≤ 14 and |W | = 5/2. So all distributions of 14 pebbles on T W can be solved to any target. We consider the requirement of the path P from a to e. Since by Table 2 , any path of length 4 with requirement less than 8 has total weight more than 5/2, we know r(P ) ≥ 8. Also, since w(cf ) > 0 (else a configuration with 14 pebbles on f and target c is unsolvable), the total weight of P must be less than 5/2, so, in fact, r(P ) ≥ 9. On the other hand, since wp(T W ) ≤ 14 by assumption, r(P ) ≤ 14. Thus, there are 6 cases to consider. In what follows, we use the values from Table 2 for the pebbling weight function w P 4 (p). Suppose r(P ) = k for some integer 9 ≤ k ≤ 14. Then the total weight on P must be at least w P 4 (k), leaving at most 5/2 − w P 4 (k) weight on the remaining edge cf . Case 1. r(P ) = 9. Then w(cf ) ≤ 1/18, so the pebbling configuration with target e and 14 pebbles on f is not solvable.
Case 2. r(P ) = 10. Then w(cf ) ≤ 1/6, so the pebbling configuration with target e, 9 pebbles on a, and 5 pebbles on f is not solvable.
Case 3. r(P ) = 11. Then w(cf ) ≤ 8/33, so the pebbling configuration with target e, 10 pebbles on a, and 4 pebbles on f is not solvable.
Case 4. r(P ) = 12. Then w(cf ) ≤ 1/3. If w(cf ) < 1/3, then the configuration with target e, 11 pebbles on a, and 3 pebbles on f is not solvable. So, assume w(cf ) = 1/3, and hence w(P ) = 13/6. Consider the two undirected paths Q = abc and Q = cde. Assume without loss of generality that w(Q) ≤ w(Q ). Thus, w(Q) ≤ 13/12 and since a weight of 7/6 is required for a directed path of length 2 to be 3-solvable (by computer search), 3 pebbles on c cannot be pebbled to a.
Subcase 4a. 13/12 ≤ w(Q ) < 7/6. The pebbling configuration with 11 pebbles on f , 3 pebbles on e, and target vertex a is not solvable, since only 3 pebbles will arrive at c and, thus, no pebbles will get to a.
Subcase 4b. 7/6 ≤ w(Q ) ≤ 4/3. There is not enough weight on Q to be 3-solvable in both directions (see Table 2 ). If the directed path from e to c is not 3-solvable, then the configuration with 11 pebbles on f and 3 on e is again not solvable to a. If, on the other hand, the directed path from c to e is not solvable, then the configuration with target e, 3 pebbles on a, and 11 pebbles on f is not solvable.
Subcase 4c. w(Q ) ≥ 4/3. Then w(Q) ≤ 5/6. Since Q is not 4-solvable in either direction (by computer search), the configuration with 14 pebbles on f and target a is not solvable.
Case 5. r(P ) = 13. Then w(cf ) ≤ 1/3, so the pebbling configuration with target e, 12 pebbles on a, and 2 pebbles on f is not solvable.
Case 6. r(P ) = 14. Then w(cf ) ≤ 5/14, so the pebbling configuration with target e, 13 pebbles on a, and 1 pebble on f is not solvable.
In the next proposition we show that any weight distribution for which T is 15-solvable includes an edge with weight 1/3. In this case we say that an edge weight of 1/3 is required for T to achieve its weighted pebbling number. The proof of the proposition again uses minimum weights required for pebbling across paths, found by a computer search. Many of these values appear in Table 1 , which gives the weight needed to move p pebbles along a path of length 2 in one direction and arrive at the destination with k pebbles, and Table 2 , which gives the weights required for a path of length n to be p-solvable.
Theorem 14. The tree T in Figure 6 requires an edge weight of 1/3 to achieve its weighted pebbling number.
Proof. The total weight on the edges of T is 5/2. We prove that the edge cf requires a weight of 1/3 by contradiction. Suppose w(cf ) is not 1/3. Without loss of generality, suppose that w(ab) + w(bc) ≤ w(cd) + w(de). Case 1. w(cf ) ≥ 1/2. Then the combined edge weights on the path of length 4, abcde is at most 2 and, by the pebbling configuration with target e and 15 pebbles on a or with target a and 15 pebbles on e is not solvable. Case 2. 1/3 < w(cf ) < 1/2. In this case, the combined weight on path abcde is at most 13/6, and so the pebbling configuration with target e, 13 pebbles on a and 2 pebbles on f (or target a, 13 pebbles on e and 2 pebbles on f ) is not solvable, again by Table 2 . Case 3. 1/4 ≤ w(cf ) < 1/3. To solve to target f , we need to get at least 4 pebbles to vertex c. We show that regardless of the remaining weight distribution, there exists an unsolvable configuration of pebbles. Note that w(ab) + w(bc) ≤ 9/8 and w(cd) + w(de) ≥ 9/8. Subcase 3a. 9/8 ≤ w(cd) + w(de) < 7/6. The pebbling configuration with target f , 12 pebbles on vertex a and 3 pebbles on vertex e is not solvable, because the weight on path edc is less than the 7/6 required for this one-way path to be 3-solvable (by computer search), and hence no pebbles can get from e to c, and the weight on path abc is less than the 97/84 required to move 4 pebbles from vertex a to vertex c (see Table 1 ).
Subcase 3b. 7/6 ≤ w(cd) + w(de) < 3/2. (Thus, w(ab) + w(bc) ≤ 13/12). The pebbling configuration with 2 pebbles on e and 13 pebbles on a is not solvable to f , since it requires a weight of at least 3/2 to move one pebble from vertex e to vertex c (by computer search) and a weight of at least 101/91 to move 4 pebbles from vertex a to vertex c (see Table 1 ).
Subcase 3c. 3/2 ≤ w(cd) + w(de) ≤ 9/4. The pebbling configuration with target f and 15 pebbles on vertex a is not solvable, since w(ab) + w(bc) ≤ 3/4, but a weight of at least 31/30 is required to move 4 pebbles to vertex c (see Table 1 ). Case 4. 1/5 ≤ w(cf ) < 1/4. The pebbling configuration with target f and 15 pebbles on a is not solvable since the path abc has a combined weight of at most 23/20, but, by Table 1 , it requires a weight of at least 52/45 to move 5 pebbles from vertex a to vertex c and hence to move 1 pebble to f . Case 5. w(cf ) < 1/5. Place 15 pebbles on vertex a, and let f be the target vertex. The combined weight of path abc is at most 5/4. However, by Table 1 , it requires a weight of at least 19/15 to move 6 pebbles to vertex c. Therefore this pebbling configuration is not solvable to f .
We remark that for some graphs G, |E(G)|/2 is more than enough weight to solve any distribution with wp(G) pebbles. For example, wp(K 5 ) = 1 and |E(K 5 )|/2 = 5, but there exists a weight distribution W on K 5 of total weight 4 with weighted pebbling number 1. So the extra weight of 1 is unnecessary. By contrast, the proof of Proposition 14 implies We conclude with a table of computer-verified weight requirements for paths of varying lengths and for different numbers of pebbles. The discrepancies we see in the denominators of values in the table are curious. For example, we need a minimum weight of 2 to move 18 pebbles across a path of length 4, but to move 19 across we need a weight of 371/190. These numbers are approximating n √ p where p is the number of pebbles and n is the length of the path, with rational numbers, but it is unclear why some approximations have large error and others very small. This is also an interesting direction for future research. 
